Lecture 21, Change of basis

Be& Given a bosis =1V, Vo, Wt of R, the B-moatrix of o linear

tronstormation T R— R is 4he watrix with columns given by
[(T@g  [TW]e  [TE]g.
Note (1) If ® is the standard basis of R, the B-wmatrix of T is
simply  the standord modrix of T .
) For o linear franstormation T : R — R"™ with m#n, we can
similarly define the wmatrix of T relative fo two boses, one

for IR and the other for R"
Thim ( Change of basis for linear tronstormations)
Let ®=1V, Vo, Wl be o bosis of IR Given o linear “ranstormation
T:R'— R with standard wotrix A and B-wotrix Ag, we have

A=B F\(BB_‘

—

wb\ere B is Jr\/\e motrix \/\JiH(\ CO\UW\V\S V:)V;_)”'»\/n.

\R“—L\Rn T via stondard basis

T

\RH—LB IR" T via basis ®

Note (1) B must be invertible as its columns form o basis of IR

(2) We can often find a basis ® of R" such that the B-matrix
Ag is relatively eosy to compute. Then we can use the

Hheorem to compute the standard watrix A .



é(_ Find 4he stondard matrix of the linear transtormation 1 \Rz—ﬁ\R2

which swops the vectors

V= H and Vy= m

Sol Toke ® to be the basis of R given by Vi and V;.
T swops Wi and Vo = T(V)=Vy and T(W)=V..

= [T (7.)](3:[?} ond [T 1= M

The B-matrix of T is

S

Now we “toke the matrix

-]

with columns ¥V, ond V.

| | 23 |23
= =373, |i-l 2} :I:-I 2}

Hence the standard motrix is

e i R N




Ex Find the standard watrix of the linear transformotion T @ IRF— IR”

which veflects each vector Jr\/\roug\/\ the line y=2x_

\‘j Y= 2X

<

Sol Toke ® to be the basis of R given by

vxzm and V:H

While it is difficult to directly compute T(2) and T(2), it is
relatively easy fo compute T(W) and T(W).

\\3 L:\:2)( \‘j Lj:?_X

V. is on the line y=2x = T(V) =W

RS Perpe\n&icu\ar to the line y=2X = T =-V,.

(V2 has slope 'lz while the line y=2x has slope 2]



Hence we obtain the B-coordinate vectors

[T(V’ﬂ@:[lo} ond [T(W)]g= {ﬂ

The ®-wotrix of T is

with columns V. ond V.

@ e rmtaa ] s
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512 -
Hence the standard wotrix is

vesnat=[ 1 2[5 43 2] 4[24

Note (1) For a reflection fhrough the line y=wmx in IR® we can

apply the same strotegy with a basis given by

ao[1] o 0]

(2) We will revisit fhis example in Lecture 32 and [ecture 34
where we will discuss o general formula for reflections

by refining the strategy presented here.



